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Abstract 
A general expression is derived for the energy-momentum tensor associated with a field 
and a particle in mutual interaction, thereby providing a description of overall energy and 
momentum conservation for such a system. The method used has the advantage that the 
individual terms for the field and the particle are derived via a single, unified procedure, 
rather than separately. 
1. Introduction 
In describing a classical field interacting with a particle, it is common for text books to 
introduce a Lagrangian density expression from which one can derive the field equation 
but not the particle equation of motion. Similarly, such an expression allows derivation of 
the energy-momentum tensor for the field, but not for the particle. It is somewhat less 
common for text books to present a single Lagrangian density for both a field and a 
particle together in interaction, thereby allowing both the field and particle equations to 
be derived from the same expression. In this latter case it should also be possible to carry 
out a single derivation for the overall energy-momentum tensor describing the combined 
field/particle system, although such a derivation is not provided in any text known to the 
author. The subject of the present note is therefore to formulate a derivation of this type. 
2. Background information 
A combined field/particle Lagrangian density usually takes the form: 
 field particle int eraction  L L L L       (1) 
An example of such an expression is the electromagnetic Lagrangian density describing a 
particle of 4-velocity u  interacting with a 4-potential A . This is as follows
1
: 
 
½
0 0F m(u u ) q u A
  
       L ¼ F   ( , 0,1,2,3)     (2) 
Here F  is the electromagnetic field tensor, which can be expressed instead in terms of 
derivatives of A , and m and q are the particle’s mass and charge, respectively. The 
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 See, e.g., Eq. (8.38) in [1], or Eq. (13.125) in [2], although both these equations are presented in 
somewhat different form. 
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quantity 0  is the rest density distribution of the particle through space. This involves a 
delta function because, at any time, the particle’s “matter density” is all concentrated at 
one point. The explicit form of 0  is: 
 
3
0 p0
1
δ [ ( )]
u
   x x         (3) 
where px  is the particle’s spatial position as a function of proper time   along the 
particle’s world line, x  is an arbitrary point in space and the 4-velocity is given by: 
pdx
u
d

 

         (4) 
Note that Eq. (2) has been written in manifestly Lorentz invariant form. It is assumed that 
the metric tensor has signature   . 
As noted in the introduction, Eq. (2) allows the derivation of not only the field equation 
but also the particle’s equation of motion. These are found via the appropriate Euler-
Lagrange equations which are generated from small variations in the field value and the 
particle’s world line, respectively. 
Another example of a combined field/particle Lagrangian density is the following one 
from which the well-known Bohm model for quantum mechanics can be derived [3]: 
 
½
field 0 0 0k(u u ) ku j
 
      L L      (5) 
The form of this expression is seen to be similar to the electromagnetic case. Here fieldL  
is the usual Lagrangian density corresponding to the field in question (e.g., Dirac or 
Klein-Gordon) and 0  and j
  are a scalar and a 4-vector potential, respectively
2
. The 
quantities 0  and u

 are the particle’s density distribution and 4-velocity, as previously, 
and k is an arbitrary constant with dimensions 3[ML ] . Once a statistical assumption is 
also included, it can be shown that expression (5) yields predictions consistent with 
quantum mechanics. 
Note that, in deriving the equation of motion of a particle, it is actually a Lagrangian 
which is needed rather than a Lagrangian density. For both of the examples quoted above, 
the relationship between the particle Lagrangian L and the overall Lagrangian density L  
is: 
 field 0L L L         (6) 
                                                 
2
 Expressions for these potentials are obtainable from the 4-current density provided by the relevant wave 
equation. 
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This form is needed in order to be consistent with the corresponding expressions for 
action. In particular, the overall action must be given by: 
 4S d x L          (7) 
whereas the partial action relating to the particle needs to be related to the particle’s 
proper time   via: 
 pS L d           (8) 
The fact that Eq. (6), when combined with the overall action (7), leads to the correct 
partial action (8) is shown in Sec. A1 of the Appendix. 
In the next section, a general expression for the energy-momentum tensor corresponding 
to a Lagrangian density of the relevant form (6) will be derived from the usual 
assumption of symmetry under space and time displacements. 
3. Derivation of the energy-momentum tensor for a field/particle system 
It will be supposed that a particle of mass m and 4-velocity u  is interacting with a 
complex scalar field  . A scalar field has been chosen here for simplicity because the 
further generalisation to a field with multiple components (such as the electromagnetic 4-
potential discussed in Sec. 2) is straightforward. The combined field/particle Lagrangian 
density L  is assumed to be an explicit function of all of the following: the field   and its 
complex conjugate 
 , the first derivatives    and 

  , the particle’s rest density 
distribution in space 0(x) , the particle’s rest mass m and 4-velocity u
  and perhaps the 
coordinates x: 
 0( , , , , , m, u ,x)
  
        L L      (9) 
Now, Noether’s theorem states that the system’s energy and momentum will be 
conserved when L  is symmetric under space and time displacements and so is not an 
explicit function of the coordinates x. This symmetry means it is now sufficient to write: 
 0( , , , , , m, u )
  
        L L       (10) 
The dependence of L  on the particle’s rest mass and 4-velocity will also turn out to be 
irrelevant here, because m is a constant and u  is not a function of the coordinates (it is 
only a function of the proper time   along the particle’s world line). Therefore, instead of 
Eq. (10), the relevant dependence for present purposes can be written in the reduced 
form: 
 0( , , , , )
 
        L L        (11) 
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The partial derivative of L  with respect to the particular coordinate x
  will now be 
taken, holding the other three coordinates x  constant, where    . The quantities held 
constant in each partial differentiation will initially be shown explicitly outside square 
brackets for greater clarity. From Eq. (11), the full expression for this derivative is then: 
0 0
0 0
, , , , , ,x x x
, , , , , ,x x
0
x x x
( ) ( )
( ) x x( )
  
     
  
  


             

 

           
           
                       
            
      
                
 
 

L L L
L L
L 0
, , , x
x 
  
     
  
 
   
 
           (12) 
( , , , 0,1,2,3)      
The third and fourth terms on the right in Eq. (12) each contain a summation over  . 
Note that in the less simple case of Eq. (9), where L  is also a function of the coordinates, 
the right hand side of Eq. (12) would contain an extra term of the form: 
0, , , , ,x
x  
  
       
 
 
  
L
       (13) 
since this term would not be zero. Also note how this term differs from the one on the left 
hand side of Eq. (12). 
From here on, the quantities held constant will no longer be shown. Eq. (12) is then 
written more neatly as: 
0
0
( ) ( )
x ( ) ( )
      
  
  
     
                
        
L L L L L L
 (14) 
Now the first and second terms on the right of Eq. (14) can be modified using the field 
equations for   and 
 . These equations are [2]: 
 
( )
( )


  

 
 
   
 
 
   
L L
L L
        (15) 
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and (14) can therefore be written in the form: 
0
0x ( ) ( )( ) ( )
      
    
   
        
                     
                
L L L L L L
           (16) 
This equation can be manipulated further as follows: 
0
0
0 0
0 0
0 0
0 0
x ( ) ( )
( ) ( )
( ) ( ) g
( ) ( )
   
 
  
    
 
 
    
 
 
     
          
        
         
                 
            
       
              
          
L L L L
L L L L
L L L L
  
           (17) 
Now, as pointed out earlier in Eq. (6), a combined Lagrangian density for a field and 
particle in interaction will have the general form: 
 field 0L  L L         (18) 
where L is the Lagrangian for the particle. Since fieldL  and L are not functions of 0 , 
expression (18) allows (17) to be written as: 
0 0( ) ( ) g L L
x ( ) ( )
    
 
  
    
            
        
L L L
  (19) 
Eq. (19) can then be modified by employing the equation of motion for the particle. This 
equation is [2]: 
 
d L
L
d u


 
  
   
        (20) 
thereby allowing (19) to be written in the form: 
0 0
d L
( ) ( ) g L
x ( ) d u( )
   
 
  
      
                          
L L L
 (21) 
As shown in Sec. A2 of the Appendix, the last term in Eq. (21) satisfies the relationship: 
0 0
d L L
u
d u u


 
    
      
        
      (22) 
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so that (21) becomes: 
0 0
L
( ) ( ) g L u
x ( ) u( )
    
 
  
     
           
        
L L L
  (23) 
This can be rearranged into the equivalent form: 
0 0
L
( ) ( ) g L u g 0
( ) u( )
     
 
 
    
            
       
L L
L  (24) 
Using (18) again then finally yields: 
field 0
L
( ) ( ) g u 0
( ) u( )
    
 
 
    
          
       
L L
L   (25) 
Eq. (25) shows that the expression in curly brackets has zero 4-divergence, which allows 
it to be identified as the overall energy-momentum tensor T  for the combined field and 
particle system: 
field 0
L
T ( ) ( ) g u
( ) u( )
     

 
  
        
     
L L
L   (26) 
A general expression for describing conservation of energy and momentum has therefore 
been obtained
3
. 
Using the definition for the generalised momentum of the particle [2]: 
 
L
p
u



 

         (27) 
Eq. (26) can be written in the equivalent form: 
field 0T ( ) ( ) g p u
( ) ( )
      

 
 
        
     
L L
L    (28) 
It is also instructive to separate this expression into three parts: 
field particle interactionT T T T
            (29) 
where the individual terms are defined to be: 
                                                 
3
 The overall tensor T

 defined here is actually the “canonical” energy-momentum tensor, which is not 
necessarily symmetric and hence does not necessarily conserve angular momentum. Techniques exist to 
symmetrise this tensor [4]. 
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field field
fieldfieldT ( ) ( ) g
( ) ( )
    

 
 
      
     
L L
L     (30) 
0particleT p u
            (31) 
0 0int eraction
L L
T ( ) ( )
( ) ( )
   

 
 
       
     
    (32) 
Here Eq. (30) is seen to have the same form as the more commonly quoted case of a free 
field existing in the absence of particles [2]. In the present case, the divergences of the 
three terms will generally not be separately zero, but conservation holds for the system as 
a whole. Eqs. (30) to (32) taken together thus provide the desired energy-momentum 
tensor associated with a field and a particle in interaction. 
Appendix 
A1. Action function for a particle 
The aim here is to show that when the general form of the field/particle Lagrangian 
density given in Eq. (6) is combined with the overall action expression in Eq. (7), the 
correct partial action as given in Eq. (8) is obtained. Inserting the particle term of 
expression (6) into Eq. (7) yields: 
 4p 0S L d x          (A1) 
Using Eq. (3) this then becomes: 
 
3 4
p p0
4 4 0
p p0
0
p0
1
S δ [ ( )]Ld x
u
1
δ [x x ( )]Ld x dx
u
1
Ldx
u
  
  




x x
       
           (A2) 
Finally, employing Eq. (4) yields: 
0
p p0
p
d
S Ldx
dx
Ld


 


         
           (A3) 
which is consistent with Eq. (8), as required. 
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A2. Divergence of particleT
  
The aim here is to derive the relationship stated in Eq. (22). With the aid of the definition 
of generalised momentum p

 given in Eq. (27), this relationship can be written in the 
equivalent (but reversed) form: 
 0 0
dp
p u
d

 
   

       (A4) 
where the term in the bracket on the left here is seen to be particleT
  from the definition in 
Eq. (31). The aim here then is essentially to show that the 4-divergence of particleT
  is 
equal to 0
dp
d



, in accordance with Eq. (A4). Now, using Eq. (3), it is more convenient 
to express particleT
  in the form: 
 
0particle
3
p0
4 0
p0
T p u
1
( ) p u
u
1
x x ( ) dx p u
u
  
 
 
 
     
     
x x       
           (A5) 
Since p( )  and u( )  are not functions of the coordinates x, this can then be written as: 
4 0
pparticle 0
1
T x x ( ) p u dx
u
             (A6) 
and using Eq. (4) yields: 
4 0
pparticle 0
p
d
T x x ( ) p u dx
dx
              (A7) 
The delta function then allows the modification: 
4 0
pparticle 0
4
p
d
T x x ( ) p u dx
dx
x x ( ) p u d
  
 

     
      


     (A8) 
Now, to verify Eq. (A4), the divergence of this expression needs to be found. Again using 
the fact that p( )  and u( )  are not functions of the coordinates x, the divergence takes 
the form: 
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 4 pparticleT x x ( ) p u d
x
  
 

       
      (A9) 
and using Eq. (4) this becomes: 
 
 
 
p4
pparticle
p4
p
p
4
p
4
p
4 0
p 0
3
p 0
p
dx
T x x ( ) p d
dx
dx
x x ( ) p d
dx
d
x x ( ) p d
d
dp
x x ( ) d
d
dp d
x x ( ) dx
d dx
dp d
( )
d dx

 
 








        

        
       
        

      

      





x x
     
           (A10) 
Employing Eq. (4) again then yields: 
3
pparticle 0
1 dp
T ( )
du


        
x x       (A11) 
Finally, using Eq. (3) this can be written as: 
 0particle
dp
T
d


  

        (A12) 
which is equivalent to Eq. (A4), as required. 
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